
Deep transformation models 
for tackling complex probabilistic regression problems
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Non-probabilistic versus probabilistic regression DL models
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CPD: Conditional Probability Distribution
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How can we benefit from a probabilistic model?
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You’ll get 500$ 
tip if I arrive at 
MOMA within 
25 minutes!

Let’s use my 
probabilistic travel 

time gadget!

Chance to get tip: 69% 

Chance to get tip: 93% 

Which way would you take?



How to train a NN to output the parameter of a CPD?

 use the beautiful maximum likelihood principle

Maximum likelihood:
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Minimizing NLL loss 
𝜎 𝑐𝑜𝑛𝑠𝑡

Minimizing MSE loss

Negative Log-Likelihood (NLL)
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Fit a probabilistic regression with flexible non-constant variance
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Minimize the mean negative log-

likelihood (NLL) on train data:

gradient descent with NLL loss
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Note: we do not need to know the “ground truth for s” – the likelihood does the job!

NLL(𝑤) =

𝑖
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Use the NLL on test data to assess the prediction performance 
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Side remark: The NLL is “strictly proper”: 
The NLL is then and only then minimal, when the predicted CPD  matches the data generating CPD.

Tensorchief's youtu.be channel

NLL = 

𝑡𝑒𝑠𝑡−𝑑𝑎𝑡𝑎

−log 𝑓𝑝𝑟𝑒𝑑(𝑦𝑖|𝑥𝑖)

https://www.youtube.com/watch?v=QeWd0g_UzZY&feature=youtu.be


What to do if we do not know the family 

of the conditional outcome distribution?
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• Model CPD as mixture (e.g. Gaussians)

• Model CPD via a transformation model!



(𝑌|𝑋 = 𝑥𝑖)

(𝑍|𝑋 = 𝑥𝑖)

We get the likelihood after transformation to a known distribution
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𝑦𝑖

𝑧𝑖 = h𝜃xi
(Y = yi|X = xi)

𝑧𝑖

𝑓𝑝𝑟𝑒𝑑
𝑌

𝑓𝑧

𝑧~𝑁(0,1)

NLL =

𝑖

−log 𝑓𝑝𝑟𝑒𝑑
𝑦

(𝑦𝑖|𝑥𝑖) =

𝑖

−log 𝑓𝑧 (𝑧𝑖) ⋅ |
𝜕ℎ𝜃𝑥𝑖
𝜕𝑦

| ቚ
𝑦𝑖

“change of variable” formula



Going back again: Gauss fit as usual
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##############K

# sample 5 values from N(4,2)

set.seed(0815)

y_obs = rnorm(5, mean=4, sd=2)

# 6.66 2.53  5.94  4.33  1.50

# minimize NLL with known CPD family

1
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NLL(𝑤) =

𝑖

− log 𝒇𝒑𝒓𝒆𝒅
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ML fit

𝜎 = 𝑒𝑠

𝑤𝜇

𝑤𝑠

# optimized parameters:

mu_ml = mean(y_obs)  # 3.1

sd_ml = sd(y_obs)    # 2.3

# optimal NLL

NLL=-sum(log(dnorm(y_obs, mean=3.1, sd=2.3)))

NLL # 11



Gauss fit via transformation approach
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# z = h(y) = a_opt*y + b_opt ,  |dh/dy| = |a|

NLL_z <- function(a, b, y_obs) {

-sum(log(dnorm(a*y_obs+b, mean=0, sd=1)*abs(a)))

}

NLL_z(a_opt, b_opt, y_obs) # 11

Task: find transformation ℎ: 𝑦 → 𝑧 = ℎ 𝑦 so that 𝑧~𝑁(0,1)

Easy! We know that y~𝑁 𝜇, 𝜎 , therefor we look for a linear transformation 𝑧 = 𝑎 ⋅ 𝑦 + 𝑏

Let’s cheat: Use the good old z-transformation and plug in the ML estimates for 𝜇 (3.1), 𝜎(2.3): 

𝑧 =
𝑦−𝜇

𝜎
=

1

𝜎
⋅ 𝑦 −

𝜇

𝜎 𝑧 = ℎ𝑎,𝑏 𝑦 = 𝑎 ⋅ 𝑦 + 𝑏
= 0.4 ⋅ 𝑦 − 1.3

NLL= σ𝑖−log 𝒇𝒑𝒓𝒆𝒅
𝒚

(𝑦𝑖) = σ𝑖−log 𝒇𝒛 (𝑧𝑖) ⋅ |
𝜕ℎ(𝑎,𝑏)

𝜕𝑦
||𝑦

# optimal slope and intercept:

a_opt = 1/sd_ml # 0.4

b_opt = -mu_ml/sd_ml # -1.3

z = (y_obs - mu_ml)/sd_ml

𝑓𝑝𝑟𝑒𝑑
𝑌

𝑓𝑧



Optimizing the parameters of the transformation via minimizing NLL
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a=1

b=-1

NLL=26

a=a_opt=0.4

b=b_opt=-1.3

NLL=11

a=0.5

b=-1

NLL=12

a=0.3

b=-2

NLL=15

Task: find parameter values for a and b, that minimize NLL = σ𝑖−log 𝑓𝑝𝑟𝑒𝑑
𝑦

(𝑦𝑖) = σ𝑖− log 𝑓𝑧 (𝑧𝑖) ⋅ |
𝜕ℎ 𝑎,𝑏

𝜕𝑦
||𝑦

𝑧 = ℎ(𝑦) = 1 ⋅ 𝑦 − 1 𝑧 = ℎ(𝑦) = 0.3 ⋅ 𝑦 − 2

𝑧 = ℎ 𝑦 = 0.4 ⋅ 𝑦 − 1.3𝑧 = ℎ(𝑦) = 0.5 ⋅ 𝑦 − 1

 SGD



For non-Gaussian CPDs we need a non-linear transformation

12Image credits: Lucas Kook



Using Bernsteinpolynomials to approximate the transformation h
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( ෨𝑌|𝑋 = 𝑥𝑖)

(𝑍|𝑋 = 𝑥𝑖) = ℎ( 𝑦|𝑥𝑖)

𝑧𝑥 = ℎ𝜃𝑥
𝑀𝐿𝑇 𝑦 𝑋 = 𝑥 = 

𝑘=1

𝑀
𝜗𝑘(𝑥)

𝑀 + 1
𝐵𝑒𝑘 𝑦

𝑦 ∈ [0,1]

Bernstein polynomials have nice properties:

• They can  approximate each function 

• The order M controls the flexibility

• Its bijective, i.e. monotone increasing, if parameters 𝜗1 ≤ 𝜗2 ≤ ⋯ ≤ 𝜗𝑀

Most Likely Transfromation (MLT) 2017 by T.Hothorn, L.Möst, P.Bühlmann https://onlinelibrary.wiley.com/doi/full/10.1111/sjos.12291

https://onlinelibrary.wiley.com/doi/full/10.1111/sjos.12291


A non-Gaussian CPD requires a flexible transformation function h
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Image credits: Lucas Kook

𝑧 = ℎ 𝑦 = 

𝑘=1

𝑀
𝜗𝑘

𝑀 + 1
𝐵𝑒𝑘 𝑦

𝑦

𝑓𝑝𝑟𝑒𝑑
𝑌

𝑓𝑧



Have a look on more complex conditional probability distributions
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Requires bimodal CPD
 Only a non-linear h can 
transform such a CPD to N(0,1)



Our deep transformation model

16Deep transformation models 2020 by B.Sick, T.Hothorn, O.Dürr https://arxiv.org/abs/2004.00464

𝑧𝑥 = ℎ𝜃(𝑥)
𝐷𝑇 𝑦 𝑋 = 𝑥 = 𝛼 𝑥 ⋅ σ𝑘=1

𝑀 𝜗𝑘(𝑥)

𝑀+1
𝐵𝑒𝑘 𝜎 𝑎 𝑥 ⋅ 𝑦 − 𝑏 𝑥 − 𝛽(𝑥)

𝑓𝑝𝑟𝑒𝑑
𝑌𝑥

𝑓𝑧 = 𝑓
𝑁(0,1)

𝑧𝑥 = ℎ𝜃(𝑥)
𝐷𝑇 𝑦 𝑋 = 𝑥 = 𝑓3,𝛼𝑥,𝛽𝑥 ∘ 𝑓2,𝜗0𝑥,….,𝜗𝑀𝑥

∘ 𝜎 ∘ 𝑓1,𝑎𝑥,𝑏𝑥(𝑦|𝑋 = 𝑥)

Get parameter 𝜃(𝑥) by minimize the NLL

𝑁𝐿𝐿 = 

𝑡𝑟𝑎𝑖𝑛−𝑑𝑎𝑡𝑎

−𝑙𝑜𝑔 𝑓𝑧 𝑧𝑥 ⋅ |ℎ𝜃(𝑥)
′ 𝑦 |

https://arxiv.org/abs/2004.00464


Architecture of our Deep transformation model
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Deep transformation models 2020 by B.Sick, T.Hothorn, O.Dürr https://arxiv.org/abs/2004.00464

We tune the weights via SGD to minimize NLL = σ𝑖−log 𝑓𝑧 𝑧𝑥𝑖 ⋅ |ℎ𝜃(𝑥𝑖)
′ 𝑦𝑖|𝑥𝑖 | yielding the parameters 𝜃 of ℎ.

𝜗0 = 𝛾0
𝜗1 = 𝜗0 + 𝑒𝛾1

…
𝜗𝑀 = 𝜗𝑀−1 + 𝑒𝛾𝑀

→ 𝜗0<𝜗1…<𝜗𝑀

𝑧𝑥 = ℎ𝜃(𝑥)
𝐷𝑇 𝑦 𝑋 = 𝑥 = 𝛼 𝑥 ⋅ σ𝑘=1

𝑀 𝜗𝑘(𝑥)

𝑀+1
𝐵𝑒𝑘 𝜎 𝑎 𝑥 ⋅ 𝑦 − 𝑏 𝑥 − 𝛽(𝑥)

https://arxiv.org/abs/2004.00464


Learning the parameters of the deep transformation model via SGD
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(𝑌|𝑋 = 2.5)

𝑧𝑥 = ℎ𝜃tmp(2.5)
𝐷𝑇 𝑦 𝑋 = 2.5
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Learning the parameters of the deep transformation model via SGD

(𝑌|𝑋 = 2.5)

𝑧𝑥 = ℎ𝜃tmp(2.5)
𝐷𝑇 𝑦 𝑋 = 2.5



Learning the parameters of the deep transformation model via SGD
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(𝑌|𝑋 = 2.5)

𝑧𝑥 = ℎ𝜃tmp(2.5)
𝐷𝑇 𝑦 𝑋 = 2.5

fitted trafo h after 11000 updates   



Application: Predict CPD for age based on an image
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Deep transformation models 2020 by B.Sick, T.Hothorn, O.Dürr https://arxiv.org/abs/2004.00464

For 10 randomly picked images from test set 
with true ages (1year, 30years, 90 years) the 
predicted CPD is shown.
The solid lines correspond to shown images.

https://arxiv.org/abs/2004.00464


Application: Benchmarking our model
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The 2 CPDs (dashed and solid line) correspond to 2 picked observations in the respective data set.

Deep transformation models 2020 by B.Sick, T.Hothorn, O.Dürr https://arxiv.org/abs/2004.00464

https://arxiv.org/abs/2004.00464
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